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Abstract—Actor-Critic algorithms have been increasingly researched for tackling challenging reinforcement learning problems. These algorithms are usually composed of two distinct
learning processes, namely actor (a.k.a, policy) learning and critic
(a.k.a, value function) learning. Actor learning is heavily dependent on critic learning; particularly unreliable critic learning
due to its divergence can signiﬁcantly affect the effectiveness of
actor-critic algorithms. To address this issue, many successful
algorithms have been developed recently with the aim of improving the accuracy of value function approximation. However,
these algorithms introduce extra complexities to the learning
process and may actually increase the difﬁculty for effective
learning. Thus, in this research, we consider a simpler approach
to improving the critic learning reliability. This approach requires
us to seamlessly integrate an adapted Sandpile Model with the
critic learning process so as to achieve desirable self-organizing
property for reliable critic learning. Following this approach, we
propose a new actor-critic learning algorithm. Its effectiveness
and learning reliability have been further evaluated experimentally. As strongly demonstrated in the experiment results, our new
algorithm can perform much better than traditional actor-critic
algorithms. Meanwhile, correlation analysis further suggests
that a strong correlation exists in between learning reliability
and effectiveness. This ﬁnding may be important for future
development of powerful reinforcement learning algorithms.

I. I NTRODUCTION
Reinforcement Learning (RL) has been playing an important role in many disciplines, including psychology, cognitive
science, behavior economics and neuroscience [1]. RL is a
learning paradigm in which an agent learns from its iterative
interactions with the unknown environment [2]. For each
interaction, an intelligent agent follows a policy to take an
action at one state; meanwhile, it receives an instant reward
from the environment to criticize the action. The agent aims to
ﬁnd an optimal policy that maximizes its cumulative rewards.
As important methods for RL, Actor-Critic algorithms (i.e.,
ACRL) currently are receiving a lot of research interests [2]–
[4]. ACRL algorithms typically consist of two parts, namely
actor (a.k.a, policy) and critic (a.k.a, value function). The
actor is a mapping that recommends an action to take at any
state. The critic is used to criticize the quality of the actor and
approximates the cumulative rewards obtainable via the actor.
In ACRL, learning is usually conducted through two separated learning processes, one for critic learning and the
other for actor learning [4]–[6]. Speciﬁcally for effective critic
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learning, the critic is usually represented as a parametric value
function. This function is made up of two important components, i.e., value function parameters and basis functions
(a.k.a, state features). They follow a linear relationship to
approximate the expected cumulative rewards. Similarly, the
actor learning is responsible for learning a policy which is
often represented as a parametric function governed by a set of
policy parameters. Accordingly, the gradient ascent technique
is adopted for the actor learning, where the gradients of the
expected cumulative rewards with respect to policy parameters
are known as policy gradients. In practice, unbiased estimation
of the policy gradients is usually determined by the learned
critic.
Apparently, the overall effectiveness of ACRL largely depends on critic learning. Traditionally, aimed at improving the
approximation accuracy for critic learning, many researchers
introduced various mean-squared error (MSE) criteria [3], [7],
[8]. For example, based on the criterion of the mean-square
Bellman error (MSBE), Sutton and his colleagues proposed
the Gradient Temporal Difference (GTD) algorithm in [7].
However, GTD often exhibits unreliable behavior in practice
due to the divergence of the critic. To address this issue, Sutton
et al. [8] proposed an important solution where a new algorithm called GTD2 was introduced by changing the learning
objective from minimizing MSBE to minimizing the meansquare projected Bellman error (MSPBE). Although GTD2 can
successfully enhance the learning reliability, it introduces an
extra learning process and hence more complexity. Due to this
reason, its use may potentially amplify negative interactions
between the critic and the actor in ACRL and subsequently
affect the learning effectiveness. This problem motivates us to
consider another possible solution to improve the reliability in
critic learning without bringing in extra learning complexity.
In typical ACRL algorithms, we ﬁnd that the reliability of
critic learning will deteriorate abruptly whenever the critic produces predicted cumulative rewards that fall outside the maximum/minimum possible cumulative rewards obtainable from
any state in a learning environment. Such maximum/minimum
possible cumulative rewards are problem-speciﬁc but can often
be determined easily. Inspired by this ﬁnding, to improve the
learning reliability, we decide to modify critic learning based
on a Sandpile Model (SM) [9] to be explained in Section
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II-C. SM has been frequently shown to enable a well-studied
self-organized behavior in many systems [9]–[11]. We believe
such a self-organized behavior can prevent critic learning from
divergence, just like the SM can always maintain its criticality
naturally.
A. Goals
Following the above idea, we conduct this research in two
steps. Firstly, we introduce a criterion to measure the critic
learning reliability by checking the learned value function
along a sequence of previously visited states. Secondly, based
on our reliability criterion, we propose an adapted SM which is
further integrated with the critic learning process. As a result,
the reliability of critic learning and the learned value function
can be enhanced for effective RL.
Since these two steps are pretty general in nature, our
adapted SM can be straightforwardly applied to many ACRL
algorithms. However, in this research, we focus speciﬁcally on
the Regular Gradient Actor-Critic (RAC) algorithm proposed
by Bhatnagar et al. [12]. Consequently, a new algorithm
variation featuring the use of our adapted SM is proposed and
will be called the Sandpile Model based Regular Gradient
Actor-Critic (SMRAC) algorithm. With SMRAC, we intend to
answer two important research questions:
• Will the learning effectiveness of ACRL algorithms,
such as RAC, be signiﬁcantly improved upon using our
adapted SM to maintain the critic learning reliability?
• To which extent will the effectiveness of RL and the critic
learning reliability correlate with each other in ACRL
algorithms, including RAC and SMRAC?
B. Organization
The remainder of the paper is organized as follows. Section II reviews the preliminary concepts for RL, the ACRL
framework with the RAC algorithm, and the SM. Section
III proposes a measurement for the critic learning reliability,
adapts the SM to develop the SMRAC algorithm. Section
IV discusses detailed experimental setups. Section V presents
and analyzes the experimental results. The paper concludes in
Section VI.

The goal of RL is to ﬁnd an optimal policy that maximizes
the expected cumulative rewards. In this work, we consider the
stochastic policy, i.e., π : S × A → [0, 1]. For any policy π,
we have the expected discounted cumulative rewards 1 deﬁned
as
T

J π = V π (s0 ) = IEπ [
γ t rt+1 |st = s0 ],
(1)
t=0
π

where V stands for the state-value function that gives the
cumulative rewards obtained when the agent initiates from any
state by following the policy π, and rt+1 = R(st , at , st+1 ) is
an instant scalar reward. Additionally, we can also have the
expected cumulative rewards represented as an action-value
function Qπ , i.e,
Qπ (s, a) = IEπ [

A. Reinforcement Learning
The standard RL is a framework where an agent interacts with an unknown environment described by a Markov
Decision Process (MDP) in the form of a 5-tuple model
S, A, P, R, γ [2]. S is the state space, A is the action space,
P : S × A × S → [0, 1] is the transition probability function,
R : S × A × S → r ∈ R is the reward function, and γ is a
discount factor.

γ t rt+1 |st = s, at = a].

(2)

t=0

Moreover, for any state s, we can connect (1) with (2) as

π(s, a)Qπ (s, a)da.
(3)
V π (s) =
a∈A

Accordingly, the goal of identifying the optimal policy can be
formulated as
π ∗ = argmax V π (s0 ).
(4)
π

It is worth noting that, this research focuses on episodic
learning tasks where RL is conducted through multiple
episodes. Speciﬁcally any single learning episode will be
terminated when a terminal condition is satisﬁed, for example,
the agent arrives at the goal region in a Puddle World or the
maximum learning steps (T ) is reached (see Section IV-A). For
the simplicity of discussions, we use τ to denote an arbitrary
episode.
B. Actor-Critic Reinforcement Learning Framework
In the literature, ACRL presents a important family of RL
algorithms [4], [5]. Among them, our main research interest
is on policy gradient based ACRL algorithms where actor
learning is driven by policy gradients estimated by the learned
critic. In other words, in order to achieve (4), all these
algorithms attempt to update policy parameters through

II. P RELIMINARIES
This section introduces the preliminaries for our research
and paves the way for the development of new ACRL algorithms. Firstly, the background of RL is presented. Secondly,
the ACRL framework and the RAC algorithm are depicted.
Thirdly, the concept of SM is explained.

T



Δθ ∝ ∇θ J(θ),
in which
 =
∇θ J(θ)




d (s)
π


s∈S

(5)

a∈A

∇θ πθ (a|s)Qπ (s, a)dads,

(6)

where dπ (s) = limt→T P r{st = s|s0 , π} denotes the stationary probability distribution of the states under π [13]. Despite
 in (5) can only
of its simplicity, the policy gradient ∇θ J(θ)
be estimated in reality.
In the literature, there are many possible ways to construct
unbiased estimations of the policy gradient [12], [14], [15].
The most straightforward way is clearly demonstrated through
1 In the following paper, we use “the expected cumulative rewards” to
represent “the expected discounted cumulative rewards”.
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the Regular Gradient Actor-Critic (RAC) algorithm proposed
in [12]. RAC is hence a simple and easily adaptable algorithm,
particularly suitable for our research in this paper.
Critic learning in RAC is guided by the well-known Temporal Different error (TD error) deﬁned as
δtπ = rt+1 + γV π (st+1 ) − V π (st ).

(7)

Meanwhile the critic in RAC also approximates the true value
function V π (s) in (7) by
V π (s) ≈ Ṽ π (s) = υ πT · φ(s),

(8)

where υ πT consists of the value function parameters that
are linearly associated with the basis function φ(s) =
[φ1 (s), . . . , φm (s)] ∈ Rm . Accordingly, the goal of critic
learning is to adjust the value function parameters in the
direction of reducing the TD error, i.e.,
π
← υtπ + αt δtπ φ(st ),
υt+1

(9)

sand is added one at a time on a random site and it leads
to an avalanche, then only after the avalanche stops can the
next grain of sand be added. Following this setting, SM as a
mathematical model contains three key components:
• Neighborhoods and Boundaries
In the 2D SM, the neighborhoods of any site (x, y) are
deﬁned as its four adjoining sites, namely (x ± 1, y) and
(x, y ± 1). Besides, the sites on boundaries are deﬁned
as (0, y), (N, y), (x, 0), and (x, N ).
• The Reliability Criterion
A key factor of the SM is to determine the condition
under which an avalanche will be triggered upon adding
a new grain of sand. This is equivalent to deﬁning a
reliability criterion as below,

0, K − z(x, y) ≥ 0
ε(z) =
(12)
1, K − z(x, y) < 0

where αt is the critic learning rate at time t.
Actor learning in RAC aims to ﬁnd the optimal policy
parameter θ∗ so as to achieve (4). The learning follows the
direction given by the policy gradient deﬁned in (6) where
Qπ is approximated as,
Qπ (s, a) ≈ Q̃π (s, a) = ω
 πT · Φ(s, a),

•

(10)

where ω
 π is made up of parameters that estimate Qπ (s, a), and
the compatible feature is deﬁned as Φ(s, a) = ∇θ ln π(s, a).
 in
Subsequently, through an unbiased estimation of ∇θ J(θ)
(6), the incremental rule for actor learning is further proposed
in [12] as
(11)
θt+1 = θt + βt δtπ Φ(s, a),
where βt is the actor learning rate.
Through iterative application of (9) and (11), RAC is widely
shown to successfully solve many benchmark RL problems.
It is clear to see that in RAC the estimation of the policy
gradients in (11) is strongly dependent on the quality of critic
learning. Also note that, Algorithm 1 can be regarded as the
exact algorithmic description of RAC after excluding lines
from 14 to 28 as indicated by horizontal lines.
C. Sandpile Model
The SM (a.k.a., Bak-Tang-Wiesenfeld model) is a model
proposed in [9] to explain an important property of dynamical
systems called Self Organized Criticality (SOC). SOC refers to
a phenomenon that a system evolves towards a critical point
through self-adjustments over its lifetime. In SM, whenever
a system (e.g., a sand pile) reaches its critical point, any
small perturbation (e.g., dropping a grain of sand) may trigger
a noise propagation (e.g., an avalanche of the sand pile) of
varying sizes. After a short while, the system is guaranteed to
return back to its the critical point through self-organization.
In [9], the SM is simulated in a 2D N × N grid with a
boundary (i.e., [0, N ]2 ), where each cell (i.e., site (x, y)) of
the grid contains an integer value z(x, y) representing the slope
of the sand pile on-site. It is also assumed that, if a grain of

where K is the predeﬁned threshold (the critical value).
As seen in (12), the site is reliable when its z value is
smaller than K, i.e., ε(z) = 0. On the other hand, an
avalanche will be triggered at any site (x, y) when the
value z(x, y) exceeds K.
The Propagation/Updating Rule
An avalanche causes a noise propagation to its neighborhoods, such a propagation can be deﬁned as
z(x, y)
z(x ± 1, y)
z(x, y ± 1)

← z(x, y) − Δ
← z(x ± 1, y) +
← z(x, y ± 1) +

Δ
4
Δ
4

,

(13)

where Δ represents the noise to be propagated from the
site (x, y) to its neighborhoods. Note that, the noise being
propagated to the boundaries will be disregarded, i.e.,
z(x, y) ≡ 0.
Clearly, although the model description above considers only
two dimensions, the SM can be easily expanded to multiple
dimensional cases [9].
III. A S ANDPILE M ODEL BASED ACTOR -C RITIC
R EINFORCEMENT L EARNING A LGORITHM
In this section, we propose the SMRAC algorithm with
the aim of improving the critic learning reliability. For this
purpose, we ﬁrstly propose a criterion for measuring the
learning reliability. Following that, we show how to adapt the
SM for the purpose of combining it with the critic learning
process in RAC. Lastly, we present an algorithmic description
of SMRAC.
A. Critic Learning Reliability
We deﬁne the concept of the critic learning reliability below.
Deﬁnition III.1. The Critic Learning Reliability refers to the
total probability for the absolute value generated by the learned
value function to be greater than a predeﬁned threshold across
all previously visited states in the current episode.
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Since υ and θ jointly determine the behavior of RAC,
the reliability criterion for critic learning during any learning
episode τ can be presented mathematically as

 =
I(s)dπ (s)ds,
(14)
ετ (υ , θ)

Δ in (17) is deﬁned below
(18)
= sign(Ṽ π (st ))ψR̄ R̄ ,

1, Ṽ π (st ) ≥ 0
where sign(Ṽ π (st )) =
.
−1, Ṽ π (st ) < 0
Note that, ψR̄ ∈ [0, 1] is the noisy level factor. For
example, if ψR̄ = 0.1, it means that 90% of the maximum
allowed cumulative rewards will be maintained.
In (17), we deﬁne a new meta parameter ρ ∈ [0, 1] as
the damping factor to avoid big changes to the critic that
can potentially affect the learning effectiveness of RAC.
Moreover, based on (8), we can have (17) re-written as
Δ


s∼dπ (
s)



where
I(s) =

0,
1,

R̄ − |υ T · φ(s)| ≥ 0
,
R̄ − |υ T · φ(s)| < 0

(15)

is an indicator function based on a predeﬁned threshold R̄. The
choices of R̄ for practical learning tasks will be explained in
Section IV-B3.
ε in (14) is a continuous measure of critic learning reli = 0 indicates that the critic
ability. In particular, ετ (υ , θ)
 > 0 shows
learning is completely reliable. Otherwise, ετ (υ , θ)
the degree of divergence in the learned value function.
B. An Adapted Sandpile Model for Critic Learning
To integrate the SM into RAC, based on the three components of the SM described in Section II-C, we propose the
adapted SM for critic learning as follows.
• Neighborhoods and Boundaries
Our adapted SM is deﬁned over the history H of all
previously visited states in an episode. In particular,
each state (and its corresponding value) is treated as a
separate site in the SM. Hence, any state V π (sj ) has
its neighborhoods made up of V π (sj−1 ) and V π (sj+1 ).
Moreover, the boundary of the SM is determined by
the most recently and least recently visited states in the
history, whereas the length of history is bounded from
above by lH .
• The Reliability Criterion
Referring to the reliability criterion in Section III-A, the
critical point value K in (12) for our criterion is deﬁned
as the upper bound of the expected cumulative reward,
i.e., R̄. Intuitively whenever the critic in RAC predicts
non-achievable cumulative rewards, falling outside the
range deﬁned by R̄, it is highly skeptical that critic
learning starts to become unreliable. Based on this idea,
we can deﬁne the absolute bound R̄ as,
R̄ =

T


γ i |ri | + ,

(16)

i=0

•

where  is a small error margin which is necessary
since the value function is estimated by linear function
approximation in RAC.
The Propagation/Updating Rule
Suppose that at least one site, i.e., sj , over the full history
has been identiﬁed as unreliable, similar to the original
SM in [9], the propagation/updating rule described below
can be applied:
π
(sj )
Ṽt+1
π
Ṽt+1 (sj−1 )
π
(sj+1 )
Ṽt+1

π
← Ṽt+1
(sj ) − Δ
π
.
← Ṽt+1
(sj−1 ) + ρ Δ
2
Δ
π
← Ṽt+1 (sj+1 ) + ρ 2

(17)

υt+1

← υt+1 −

υt+1

← υt+1 +

υt+1

← υt+1 +

Δ
φ(
sj )
0.5ρΔ
φ(
sj−1 )
0.5ρΔ
φ(
sj+1 )

.

(19)

The adapted SM proposed above will be applied iteratively at
every learning step so as to guarantee critic learning reliability.
C. The SMRAC Algorithm
Our adapted SM stated above can be easily incorporated
into the RAC algorithm. First, we maintain at most lH recently
visited states in history. Next, the reliability of the SM over
all visited states is examined according to (14). Subsequently,
if there exists one or multiple unreliable sites, one of them
will be randomly selected and the propagation rule (19) will
be applied to it. This procedure will be repeated until all sites
in the SM are reliable. We present an algorithmic description
of SMRAC in Algorithm 1.
IV. E XPERIMENT D ESIGN
To answer the two research questions proposed in Section I,
we have performed experiments on two benchmark problems.
The section starts with an introduction to the two problems.
Next, we discuss the detailed experimental setups.
A. Benchmark Problems
In this research, we choose two continuous RL problems,
namely the Puddle World problem and the Mountain Car
problem.We choose these two problems because: 1) They
have already been widely used for evaluating many ACRL
algorithms. 2) The threshold on obtainable cumulative rewards
in (16) can be easily determined on both problems. 3) They
are sufﬁciently simple to help us study the impact of critic
learning reliability on the effectiveness of ACRL algorithms.
1) Puddle World Problem [2]: The Puddle World problem
is a two-dimensional continuous environment (i.e., [0, 1]2 ) in
which round puddles are placed at (0.2, 0.25) to (0.55, 0.25)
and (0.45, 0.2) to (0.45, 0.6) with a radius 0.1. A mobile
agent initiates at a random position in the environment and
learns to reach the goal region (i.e., x + y ≥ 1.9) without
entering the puddles. When reaching the goal region, the agent
will receive an instant reward of “+40”. Otherwise, it will
be penalized with “-1” for its movement. In particular, when
entering the puddle area, it receives a penalty computed by
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Algorithm 1 The SMRAC Algorithm
Require: an MDP S, A, P, R, γ, the expected reward upper
bound R̄, the noisy level factor ψR̄ , the damping factor ρ,
the maximum length for the state history lH
 υ π
Ensure: θ,
Initialization:
 ← θ0
1: θ
2: 
υ π ← υ0π
3: 
st ← s0 , where s0 is an arbitrary initial state
4: H ← {}
5: l ← 0
6: j ← 0
7: Δ ← 0
Learning Process:
8: for τ = 0, 1, 2, . . . , τmax do
9:
for t = 0, 1, 2, . . . , T do
10:
at ∼ πθ (a|st )
11:
Take action at , observe reward rt+1 and new state
st+1
12:
δtπ ← rt+1 + γυtπT · φ(st+1 ) − υtπT · φ(st )
π
13:
υt+1
← υtπ + αt δtπ φ(st )
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:
29:
30:
31:
32:
33:
34:

H ← H ∪ {st }
if l < lH then
l ←l+1
else
H ← H \ st−l
while ετ (υt+1 , θt ) > 0 do
while sj ∈ H do
T
if R̄ < |υt+1
· φ(sj )| then
πT
Δ ← sign(υt+1
· φ(sj ))R̄ψR̄
υt+1
υt+1 ← (1 − υt+1Δ
·φ(
sj ) )
if j > 1 then
υt+1 ← (1 + υt+10.5ρΔ
υt+1
·φ(
sj−1 ) )
if j < lH − 1 then
υt+1 ← (1 + υt+10.5ρΔ
υt+1
·φ(
sj+1 ) )
j ←j+1

when it arrives at the goal region.
2) Mountain Car Problem [2]: The Mountain Car problem
is an environment with two-dimensional state input including
the position of the car (i.e., x ∈ [−0.5, 0.5]) and the velocity
of the car (i.e., ẋ ∈ [−0.08, 0.08]). The problem is to drive an
underpowered car in a valley up a steep mountain at the righthand side. Due to the difﬁculty of that the gravity is stronger
than the car’s engine, the car can only climb the mountain
with the aid of descending acceleration obtained by reversing
itself up to the opposite slope of the left-hand side. A goal
region (i.e., x ≥ 0.5) is deﬁned on the top of the mountain,
and the aim of the problem is for the car to reach the goal
region in the minimum steps. Every movement of the car in
the environment receives a penalty “-1”, a reward “+10 ” is
given when the car reaches the goal region. The environment
dynamics for the car to update its location and its speed is
modeled as
ẍ = ȧF − 0.0025 cos(3x),
where ȧ = 0.001 is the acceleration of the car, and F ∈
[−10.0, 10.0] is the force (i.e., action) performed by the
system.
Similar to the Puddle World problem, one learning episode
of the Mountain Car problem terminates when either the goal
region or the maximum steps T is reached.
B. Experiment Setup

θt+1 ← θt + βt δtπ Φ(st , at )
H ← {}
l←0
j←0
Δ←0
 υ π
return θ,

multiplying “-400” with the agent’s shortest distance to the
border of the puddle [16]. The agent moves in the environment
with a direction (i.e., an action) a ∈ [−π, π] and a speed of
0.05, which is modeled as
xt+1 = xt + 0.05 × sin(a)
.
yt+1 = yt + 0.05 × cos(a)
In this problem, a learning episode is deﬁned as the learning
period from the agent’s initial state to the termination moment

In this subsection, we describe the detailed setups of our
experiments. The general experiment running setups are ﬁrstly
described. We then give the formulation of the stochastic policy (i.e., Gaussian Policy) used in this research. Subsequently,
we discuss the basis function as well as some important meta
parameters settings adopted by both RAC and SMRAC..
To obtain reliable experimental results, for each learning
algorithm and each benchmark problem, we will perform
50 independent trials (i.e., one complete training and testing
process) over 10000 training episodes. For one trial, after
every 50 training episodes, we will run 50 tests to verify the
current performance of the actor learned by RAC and SMRAC
respectively. Furthermore, a maximum number of 100 steps
applies to every training and testing episode. In addition to
these settings, please ﬁnd other implementation details below.
1) Stochastic Policy Implementation: We implement our
stochastic policy as a Gaussian distribution which is wellstudied for continuous problems [17]. Speciﬁcally, the probability density for taking each action is given by,
πθ (a|s) =

(a−μ)2
1
√ e− 2σ2 ,
σ 2π

where μ is determined by the policy parameters θ and the basis
function φ(s), i.e., μ = θT · φ(s). Meanwhile, σ is considered
as an exploration parameter and is ﬁxed to 1.0 for all problems.
Note that, π at the RHS of (20) is the circumference ratio.
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2) Basis Function: In this work, we use the triangle basis
function presented in [16] to project the low-level state inputs
to the high-level feature spaces, i.e.,
φ : Rd → Rm ,
where d is the dimension of the state input, and m is the
feature dimension.
Fig. 1 depicts how the triangle basis function is used for
one dimension of the state input. As seen in the ﬁgure, the
dimension of the state input is limited in the range interval
[ιmin , ιmax ]. We then split the interval into n equal segments
with n − 1 vertexes, for this case, n = 10. Next, we select
each vertex as an apex to connect with the adjacent vertexes to
construct a group of triangles. For the cases when the adjacent
vertexes are ιmin or ιmax , we connect the apex to the boundary
instead of vertexes. For each triangle, it covers a partial range
of the state input. When the value of the dimension sd for the
incoming state input (i.e., s = [s0 , s1 , . . . , sd ] ∈ Rd ) falls into
the range, its corresponding features will be computed as,
⎧
⎪
1, ιmin ≤ sk < ιmin + κ
⎪
⎪
⎪
⎪
1, ιmax − κ < sk ≤ ιmax
⎪
⎨
sk −κ∗(i+1)
+
1, sk ≤ ιmin + κ ∗ (i + 1) ,
φ(sk )i =
κ∗(i+1)−κ∗i
⎪
⎪
s
−κ∗(i+2)
k
⎪
⎪
⎪
κ∗(i+2)−κ∗(i+1) , sk ≥ ιmin + κ ∗ (i + 1)
⎪
⎩
0, otherwise
where k ≤ d, and i = 0, 1, . . . , n − 1, meanwhile κ =
|ιmin |+|ιmax |
. Note that, the ﬁnal feature dimension is detern
mined as m = d ∗ n.
1

0

Fig. 1: The triangle basis function used for deﬁning one single
dimension of the state input.

The settings for R̄ as seen in Table I are problem-speciﬁc.
Regarding the Puddle World problem, following the reward
scheme described in Section IV-A1 and (16), the maximum
expected cumulative reward R̄ is determined as 120. We can
easily think that the worst case is that the agent is trapped
in the environment obtaining “-1.0” mostly for 100 steps so
that we can have theoretical maximum cumulative rewards as
“100”. Additionally, the error margin (i.e., ) here is set to 20%
of the maximum theoretical value. Similarly, in the Mountain
Car problem, the threshold R̄ can be determined as “100”.
V. R ESULTS AND D ISCUSSION
In this section, we present and analyze the experimental
results. We will discuss the experimental results on two
benchmark problems separately. For the discussion on results
collected from each problem, we will ﬁrstly compare the
critic learning reliability of RAC and SMRAC. Based on
the reliability differences, we further compare the learning
performance of the two algorithms. Lastly, we investigate
the relationship between the learning effectiveness and the
learning reliability by adopting a correlation analysis.
A. Experimental Results on Puddle World
To evaluate the critic learning reliability, we present the average of the absolute values generated from the value function
learned by RAC and SMRAC at every 50 episodes in Fig. 2.
As seen in Fig. 2, the RAC algorithm exhibits a very unreliable
behavior since its corresponding learned critic values ﬂuctuate
severely. A sudden change occurs at the 1350-th episode
indicated as a black dashed line, then it tends to diverge
rapidly. Such a change results in an immediate degradation in
the learning performance in terms of the average cumulative
rewards as shown in Fig. 3. In contrast, also from Fig. 2, the
critic learning reliability of SMRAC has been well maintained
at a reasonable level, staying mostly beneath the predeﬁned
threshold R̄. Correspondingly, the learning performance of
SMRAC also shows a converging behavior evidenced in Fig.
3.

3) Meta Parameter Settings: To investigate the impact of
the critic learning reliability on the learning performance,
we followed those meta parameter settings summarized in
Table I. They enable us to study the behavior of RAC when
critic learning is clearly unreliable or even diverging. This is
important because, when the learned value function satisﬁes
our reliability criterion, SMRAC and RAC behave exactly the
same.
Algorithms
RAC
SMRAC

Problems
Puddle World
Mountain Car
Puddle World
Mountain Car

α
0.01
0.1
0.01
0.1

β
0.0001
0.005
0.0001
0.005

Meta Parameters
γ
ψR̄
R̄
0.99
N/A
N/A
0.99
N/A
N/A
0.99
120
0.1
0.99
100
0.1

ρ
N/A
N/A
0.1
0.1

Average Critic Value

200

150

100

50

0

lH
N/A
N/A
100
100

Average Critic Value Per Training Episode

250

0

1000

2000

3000

4000

5000

6000

7000

8000

9000 10000

Number of Training Episodes
SMRAC

TABLE I: The meta-parameter settings for experiments of
RAC and SMRAC on the Puddle World problem and the
Mountain Car problem.

RAC

Fig. 2: Average of the absolute values generated from the value
function learned by RAC and SMRAC at every 50 episodes
on the Puddle World problem.
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Next, we will compare the learning performance of SMRAC
and RAC based on average cumulative rewards in Fig. 3. As
discussed above, after the 1350-th episode, the entire learning
process of RAC diverges and never recovers due to its unreliable critic learning. In contrast, SMRAC shows a continuous
improvement on the learning performance, although it tends to
converge after 1350-th episode thanks to the convergence of
its critic learning. Additionally, we have performed a Student
T-test for comparing the performances of the two algorithms
which produces a p-value of 9.6864 × 10−10 . This suggests
that SMRAC performs signiﬁcantly better than RAC on the
Puddle World problem.

Correlation Matrix
-0.87

Effectiveness

-500

-1000

-1500

-0.87

Reliability

0.4

0.2

0
-1600

-1200

-800

0

0.5

Effectiveness
Average Cumulative Rewards Per Training Episode

Average Cumulative Rewards

-500

1

Reliability

Fig. 4: Correlation between the learning effectiveness and the
learning reliability of RAC on the Puddle World problem.

-600
-700
-800

-900

value of critic keeps increasing until the 3650-th episode. Even
after the critic value starts to decrease at the 3650-th episode,
it cannot prevent policy parameters from diverging further. In
contrast, a clear converging trend of SMRAC can be witnessed
in Fig. 5 towards the critical point R̄, suggesting the higher
reliability of SMRAC compared to that of RAC.

-1000
-1100
-1200
-1300
-1400

0

1000

2000

3000

4000

5000

6000

7000

8000

9000 10000

Number of Training Episodes
SMRAC

RAC

Fig. 3: Average cumulative rewards obtained by RAC and
SMRAC at every 50 episodes on the Puddle World problem.

Average Critic Value Per Training Episode

300

In summary, Fig. 2 and Fig. 3 reﬂect some facts that 1)
SMRAC performs learning more reliably and more effectively
than RAC does, and 2) the learning reliability to some extent
correlates to the learning effectiveness.
Aiming at knowing to what extent the critic learning reliability affects the learning effectiveness, we also perform a
correlation analysis. As seen from Fig. 2 and Fig. 3, it is
easy to observe that there exists a correlation between the
learning reliability and the learning effectiveness. To verify
this correlation, we adopt the Pearson Correlation analysis
here. Firstly, we follow (14) to quantify the learning reliability. In addition, we follow the convention to use average
cumulative rewards to measure the learning effectiveness. The
correlation matrix for RAC on the Puddle World problem is
given in Fig. 4, which shows a correlation coefﬁcient of 0.87 close to -1. This suggests that the learning reliability
has a strong positive correlation because higher value in (14)
indicates poorer reliability for critic learning to the learning
performance.
B. Experimental Results on Mountain Car
In comparison to the Puddle World problem, very similar
experimental results can be obtained on the Mountain Car
problem. Accordingly, most of the claims made in Section
V-A also hold here.
Fig. 5 shows the average value of the learned critic by RAC
and SMRAC on the Mountain Car problem. Clearly, the critic
learning of RAC diverges quickly after 450 episodes and the

Average Critic Value

250
200

150
100
50
0

0

1000

2000

3000

4000

5000

6000

7000

8000

9000 10000

Number of Training Episodes
SMRAC

RAC

Fig. 5: Average of the absolute values generated from the value
function learned by RAC and SMRAC at every 50 episodes
on the Mountain Car problem.
As in Fig. 6, the evident difference can be easily identiﬁed
the fact that SMRAC performs signiﬁcantly better than RAC.
This fact is supported by the signiﬁcance test where the pvalue is 0.0145.
The correlation analysis based on the results collected by
RAC on the Mountain Car problem is presented in Fig. 7.
This analysis also indicates that a relatively strong positive
correlation exists between the learning reliability and the learning effectiveness of RAC, as demonstrated by the correlation
coefﬁcient equals to -0.74.
C. Summary
By conducting the above experiments, we can conﬁdently
answer the two research questions presented in Section I. In
regard to the ﬁrst research question, we found that SMRAC
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Average Cumulative Rewards

as effectiveness on two benchmark problems. Moreover, our
experimental results also demonstrated that learning reliability
and learning effectiveness are strongly correlated. These ﬁndings potentially provide a new direction for the development of
more useful RL algorithms. In the near future, we plan to apply
the adapted SM to a wide-range of ACRL algorithms with
evaluations on more RL problems to more comprehensively
assess its practical usefulness.

Average Cumulative Rewards Per Training Episode
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Fig. 6: Average value function learned by RAC and SMRAC
at every 50 episodes on the Mountain Car problem.
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